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Structure of bubble plumes in linearly stratified
environments
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(Received 1 May 1989 and in revised form 6 October 1992)

Bubble plumes in a linearly stratified ambient fluid are studied. Four well-defined
flow regions were observed: an upward-moving bubble core, an inner plume
consisting of a mixture of bubbles and relatively dense fluid, an annular downdraught
and beyond that a horizontal intrusion flow. Depending on the gas flow rate with
respect to the stratification, three types of intrusions were documented. At large gas
flow rates a single intrusion was observed. As the gas flow rate was decreased, the
buoyancy flux was insufficient to carry the lower fluid to the surface and a stack of
intrusions were formed. At very low gas flow rates the intrusions became unsteady.
The transition between these three regimes was observed to occur at critical values
of the parameters N°H*/(@Qgg), Q5 g/(4na’ul H), and H/H, where N is the buoyancy
frequency, H is the water depth, H, is equal to H+H,, H, being the atmospheric
pressure head, @y is the gas flow rate at the bottom, g the acceleration due to gravity,
o the entrainment coefficient and u, the differential between the bubble and the
average water velocity commonly called the slip velocity. The height between
intrusions was found to scale with the Ozmidov length (@ g/N®)i, the plunge point
entrainment with the inner plume volume flux (Q,¢)*N-f and the radial distance to
the plunge point with (@,g/N 3% where ¢, is the gas flow rate at the free surface.

These results were used to construct a double annular plume model which was used
to investigate the efficiency of conversion of the input bubble energy to potential
energy of the stratification; the efficiency was found to first increase, reach a
maximum, then decrease with decreasing gas flow rate. This agreed well with the
results from the laboratory experiments.

1. Introduction

Bubble plumes have been used for a variety of purposes: bubble breakwaters,
antifreeze measures in harbours, destratification of lakes and as bubble curtains for
the containment of oil spills.

Previous work was concentrated almost exclusively on plumes in homogeneous
water (Bulson 1961 ; Kobus 1968; Wilkinson 1979; Milgram 1983; Tacke ef al. 1985;
Sun & Faeth 1986; Cheung & Epstein 1987). These papers describe various aspects
of the mean flow characteristics of the induced plumes including the velocity
distribution, entrainment coefficient and the bubble slip velocity. Many of these
papers followed the early work of Ditmars & Cederwall (1974) who presented an
integral model of such plumes which allowed for a finite gas fraction as well as a non-
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zero bubble slip velocity, the latter reducing the available buoyancy force for a given
gas flow rate.

McDougall (1978) and Hussain & Narang (1984) generalized the integral model to
include a stratified ambient fluid. For a strongly stratified fluid McDougall (1978)
showed, both from the integral model results and from experimental evidence, that
the bubble plume forms a core of rising fluid which is surrounded by an annular
downdraught; horizontal intrusions into the ambient fluid formed at regular
intervals, drawing mixed fluid from the downdraught. Similarly, one strong intrusion
was observed by Goosens & Van Pagee (1977), Kranenburg (1979), and Zic, Stephan
& Ellis (1992). Recently, Baines & Leitch (1992) reported observations at very weak
gas flows and for very strongly stratified ambient fluids. For such conditions, their
experimental results showed that the steady intrusions observed by McDougall
(1978) were replaced by unsteady collapsing eddies which had the appearance of
commencing intrusions, but which quickly lost their momentum because of a lack of
continuity of source fluid; the downdraught in the outer annulus appeared to be
unsteady.

The aim of the present study was to elucidate the behaviour of bubble plumes in
a stratified ambient fluid under a wide range of flow conditions, to explain the
observed changes in the flow behaviour and, finally, to describe the variation in the
efficiency of energy conversion. The influence of bubble surface tension or bubble size
will not be discussed here. In general the gas flow rates and bubble sizes were such
as to form bubble plumes with well-defined bubble cores (Wilkinson 1979).

2. Experimental procedures

These experiments were carried out in a 100 x 100 cm glass tank containing water
to a depth of 75 cm. Air bubbles were released from two types of bubble makers, one
consisting of a hollow tube 2.4 ¢cm in diameter with a circular top made of a uniform
porous ceramic material, the other being a fine nozzle. Bubbles were released from
the ceramic disc through an area of approximately 20-50 mm? depending on the flow
rate. The bubble maker was connected by a tube to a compressor and was positioned
at the centre of the tank so that its top was 15 cm above the bottom of the tank.
Attached to the middle of the air feeder tube was a relief tube, the outer end of which
was submerged to a depth of 0.5-1.0 m in a second tank. The gas flow rate was
adjusted by changing the tension of a tube clamp and by altering the difference in
water level between the main and relief tanks. The pressure fluctuations associated
with bubbling were small compared to the total pressure drop; however, the gas flow
rate from the bubble maker changed gradually during the first hour after the start
of bubbling. Hence, measurements were initiated only after at least three hours of
bubbling, during which time the bubble maker was isolated from the tank by placing
a thin tube over the bubble stream. This prevented any mixing of the stratification.
The gas flow rates were measured before and after each run; the difference was
mostly less than 2% of the total flow rate.

The linear stratification was created by the two-tank method and salt was used as
the stratifying agent; a Head conductivity probe (Head 1983) was used to measure
the conductivity of the water. Vertical profiles were taken so that a conductivity
reading was obtained approximately every 2 mm.

The structure of the instantaneous flow field was visualized by shadowgraph, and
the net spread of fluid exiting from the plume was obtained by injecting different
coloured dyes, at various times, through a small tube mounted 3 cm above the
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bubble maker. Since the light source for the shadowgraph was only 10 m away from
the tank, a parallax correction was included; the actual positions and scales in the
shadowgraph images were calculated from scales drawn on both the front and back
walls of the tank.

The rising velocity of bubbles was calculated from the length of traces, on
photographic images, of illuminated bubbles in photographs taken with a certain
exposure time. After each run, the rise velocity of bubbles in still water was measured
by the following techniques: bubbles were fanned away from the plume so as to
distribute them over a wide area throughout the tank to remove the interaction of
bubbles and eliminate the plume rise velocity. After the turbulence caused by
fanning had dissipated and the bubbles began to rise steadily, an estimate of the slip
velocity could be made. This was used in calculating the parameter M defined later.
Since the bubbles were considerably smaller than the equilibrium size for that depth
of water, the fanning did not cause any bubble breakup.

The maximum bubble size was generally less than 2.0 mm for the ceramic bubbler,
generally smaller than those made by the nozzle bubbler which yielded bubbles with
a diameter of about 4 mm; the tank was of insufficient depth to allow bubbles to
coalesce or expand and the bubble size remained essentially constant over the depth
of the tank. Hence, the bubble size and the gas flow rate were a function only of the
pressure in the air feeder tube; for the ceramic bubbler at high pressure a large
number of pores in the ceramic top were opened by the gas, and the velocity of the
gas passing through the ceramic increased. However, since there was less distance
between open pores at such high pressure, more bubbles merged with each other and,
as a result, the size of bubbles generally increased with pressure.

The experimental conditions are summarized in table 1.

3. Flow patterns

As in the case of the homogeneous water, the initiation of bubbles in a linear
stratification caused the surrounding water to be entrained and carried up with the
bubble stream. However, at some level, the increased negative buoyancy of the
entrained water led to detrainment of water outwards, away from the upward
moving plume. The detrained water formed an annular downward flow immediately
outside the inner upward-moving plume. This flow continued to plunge downwards,
entraining ambient fluid and shedding fluid into the inner plume, until it reached a
level of neutral buoyancy, where a horizontal intrusion formed. After detraining
some fraction of the heavier water, the water in the bubble core continued rising
upwards and the process repeated itself until the bubble plume reached the surface.
At the surface the flow spread outwards, decreasing in velocity with distance. At a
certain radius blocking by the ambient stratification arrested the horizontal
momentum of the radial surface flow and the negative buoyancy caused it to plunge.
At that point the heavier water initiated a negatively buoyant plume which again
entrained ambient surface water as it moved downwards. The falling plume
propagated downwards to a level of neutral buoyancy where it formed a further
intrusion; the general appearance was similar to a mushroom. For large gas flow
rates, the first detrainment point was also the surface outflow (type 1). However, for
smaller gas flows, several stable intrusions were found between the first and the
highest intrusions. Very small gas flow rates produced a pattern similar to that
documented by Baines & Leitch (1992) with no steady intrusions being observed

(type 3).
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FiourE 1. (a) Sketch of a typical flow pattern for high gas flow rates and weak stratification (type
1). Solid spirals show strong eddies; solid arrows, eddy motions; dash-dotted arrows, fluid motion,
and hollow arrows, front motions. (b) Typical changes in the ambient density profiles for this case:
, the initial distribution; ----- t=2708; ———, 510s; -+ , 8708; —-—-—, 10508. @, =
2.0% 10 m 3g7l; N2 =0.0876s72, and H = 0.38 m. The measurement was carried out midway
between the plunge point and the sidewall. The upper front was almost at the water surface by the
time 270 s had elapsed.

Hereafter, the area in the plume containing the bulk of the air bubbles will be
called the ‘bubble core’, and the upward moving fluid the ‘inner plume’ and the
annular downdraught the ‘outer plume’.

3.1. Type 1 (large gas flow rate, weak stratification)

The flow pattern when the gas flow was relatively high or the stratification was
relatively weak is illustrated in figure 1(a). This was similar to that formed by a
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Ficure 2. (a) Sketch of a typical flow pattern for moderate gas flow rate and moderate
stratification (type 2). Solid spirals show strong eddies; dashed spirals, weak eddies; solid arrows,
eddy motions; dash-dotted arrows, fluid motion; and hollow arrows, front motions. (b) Change in
density profiles for this case (a two-intrusion example): , the initial distribution; - - -- b=
312g; —-—-— , 5128; ----- , 8928; ———, 12008. @, =645%x107"m3s™!; N2 =0.170s52, and H =
0.60 m. Vertical bars show the positions of intrusions.
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FicUre 3. (a) Sketch of a typical flow pattern for low gas flow rates and strong stratification (type
3). Solid spirals show strong eddies; dashed spirals, weak eddies; solid arrows, eddy motions ; dash-
dotted arrows, fluid motion; and hollow arrows, front motions. (b) Changes in the ambient density
profiles for this case: , the initial distribution; - - - - - ,t=900s;----- ,2160 8; —.—.—.— 7260 5.
@, =820x108m3s™!, N2=0.139s2, and H = 0.56 m.
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simple plume impinging on the free surface (strong buoyancy flux). Along the outer
edge of the inner plume, small eddies formed and rose up, rotating strongly like
rollers and entraining the surrounding water into the inner plume. At the surface,
they were advected outward, weakening their rotating motion and increasing in size.
In the lower half of the outer plume, most of these eddies were re-entrained into the
inner plume. The inner plume fluid farthest from the bubble core was swept
downwards by the downdraught before finally being advected horizontally as an
intrusion (figure 1a). The surface spreading area increased with time until it reached
a certain size, at which time the flow remained steady until the ambient stratification
began to change (see also Zic et al. 1992). This should be compared with the results
for a homogeneous fluid where the surface spreading flow induces a circulation cell
with a horizontal scale of the order of six times the depth (Goosens 1979; Fannelep,
Hirschberg & Kiiffer 1991). The strong influence of the eddies on the width of
spreading has already been noted by Goosens (1979), Kranenburg (1979), Imberger
& Patterson (1990), Asaeda, Imberger & Ikeda (1990) and Zic et al. (1992).

The intrusion thickness did not change much until the sidewalls began to influence
the propagation of the intrusion; at that stage the intrusions gradually thickened.
The intrusion speed was not measured, but the time of influence may be expected to
be similar to that found by Maxworthy & Monismith (1988).

At first, both the upper and lower surface of the intrusion remained sharp.
However, after the intrusion had reached the sidewalls, the upper layers gradually
became mixed into the intrusion flow (see figure 1b). As the flow developed, the
bottom boundary of the intrusion became well defined with an associated stronger
density gradient forming a barrier to the falling water, leading to a further
sharpening of the interface. As a result, a homogeneous layer formed at the level of
the intrusion, with a strong gradient below it (see figure 1b) and a weak transition
marking the top.

3.2. Type 2 (moderate gas flow rate and moderate stratification)

With a decrease in the relative gas flow rate or an increase in the degree of
stratification, the flow structure changed to that shown in figure 2(a). Above the
bubbler a plume formed with a generally rising eddy structure but, upon reaching a
certain level, the drag force of the bubbles was insufficient to maintain the negative
buoyancy of the entrained heavy water, causing the inner plume to detrain,
initiating a downdraught and the formation of an intrusion.

With a decrease in the volume flux of the inner plume, the eddies in the inner
plume increased in size relative to the size of the plume and were more ordered. These
eddies rose in an alternating pattern which accelerated the mixing within the plume.
This feature seemed similar to the difference in the structure of eddies in jets and
buoyant plumes (List 1982). When the eddies approached the edge of the inner plume
they moved obliquely upwards and toward the outside of the inner plume, entraining
the surrounding liquid with a corresponding increase in size and a decrease in
density. At the outer edge their negative buoyancy led to a downdraught, forming
the outer plume. At the level of neutral buoyancy an outward intrusion formed
(figure 2(a), the associated mixing causing both upward- and downward-moving
water to enter the intrusion (see also McDougall 1978). These intrusions were steady,
and the density distribution showed upward transfer of mass (figure 25). At the
surface, the inner plume again spread outwards and then plunged once it was
arrested by the ambient stratification. The volume flux in this plunging flow formed
the upper intrusion; this upper intrusion entrained near-surface water, progressively
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homogenizing the upper layer of the tank (figure 2b). For a fixed depth, the number
of intrusions increased with decreasing gas flow rate and increasing stratification.

3.3. Type 3 (low gas flow rate and strong stratification)

As the gas flow rate was decreased further or the density stratification increased, the
level to which the inner plume could lift the lower water decreased. The resulting flow
structure is illustrated in figure 3(a). With decreasing gas flow rate, alternating
eddies formed within the plume and occupied up to 50% of the inner plume
diameter, causing the plume to meander.

As in type 2 flows, the eddies rose in an alternating pattern, entraining the
surrounding water. However, eventually they were moved away from the bubble
core, becoming larger by further entrainment and less buoyant due to a decreased
bubble presence.

The eddies were irregular and increasingly behaved like isolated thermals;
collectively they again formed a downdraught annular flow immediately outside the
rising inner plume.

At the point of neutral buoyancy some of the water propagated outward in the
form of an intrusion resembling type 2 flow, and some recirculated back into the
inner plume. The thermals were, however, discrete and so the ‘intrusions’ were
unsteady, poorly defined and confined close to the plume. The net effect was to cause
a mass flux through the plume which moved mass from the lower part of the tank
to the surface layers (figure 3b). This flow was very similar to that observed in the
boundary mixing experiments of Ivey & Corcos (1982).

4. Regime analysis

McDougall (1978) proposed two variables, C (= {4na?[N3H/(Q,gH ,/H1)]}) and
M(=Q,9H,/(4na?H3u?)), which were sufficient to non-dimensionalize his integral
bubble plume equations. Here, ¢, is the gas flow rate at the surface, g is the
acceleration due to gravity, a is the entrainment coefficient, N is the buoyancy
frequency, Hy is the pressure head at the bottom (atmospheric pressure head
H, +water depth H) and u is the velocity difference between the bubbles and the
liquid. This is called the slip velocity and it is dependent on the bubble size, the
surface tension and the air and water viscosities (Clift, Grace & Weber 1978).
Schladow (1992) modified C to Pyr (= N°H1/(Q,9H ,/Hy)).

There are thus three independent non-dimensional numbers: M, C' and H/Hy (=
Hy). Together, the values of three numbers determine the plume dynamics. The
parameter (' denotes the ratio of the potential energy needed to be overcome to lift
bottom fluid to the surface to the available bubble buoyancy energy and M is a
measure of the effective buoyancy flux of the bubbles as reduced by the bubble slip.

By contrast Asaeda & Imberger (1989) introduced the plume number Py
(=N3*H*/(@Q,9)). The bubble expansion effect may be included by introducing the
bottom volume flux Qg (= @, H,/Hy) instead of @, and in the present work we shall
use the quantity Py = N°H*/({yg). The differences between Py, Py and Py are
small, but as will be shown, Py has the simple interpretation that it represents the
ratio of the total depth to the lengthscale of the intrusion spaecing.

In the same spirit we use a form of M;; which does not contain H,, but is defined
by My = Qgg/4na*Hud.

The simple plume value (0.083) was chosen for the entrainment coefficient, a, for
caleulating My (Schladow 1992). Milgram (1983) and Rowe, Poon & Laureshen
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Froure 4. Flow patterns in terms of M; and P: @, type 1; A, type 2; +, type 3; [1, McDougall
(1978); W, Baines & Leitch (1992); A, Maruyama reservoir experiments (Matsunashi & Miyanaga
1988, 1990). The dashed lines show the boundaries between types. The numbers are the number of
intrusions observed, and m represents multiple intrusions (the number is unknown).

(1989) reported that a may vary between 0.04 and 0.12; however, this will not
change the fluid motion qualitatively. The available bubble plume data are shown in
figure 4 as a function of Py and M. From this figure it is seen that the transition from
type 1 to type 2 flows was almost independent of My and occurred at a value of Py
approximately equal to 500. The transition to type 3 was less well defined but
appeared to occur around Py = 2000; the value was less for small values of My and
greater for large values of My.

The number of intrusions, n, was plotted against Py (figure 5) and it was found that
n increases with increasing Py according to the relationship:

n = integer[O.22Pi, +1], (1

where the ‘integer’ function rounds down to the nearest integer. It is worth noting
that this implies .
n = integer[0.22P o Hg +1], (2)

consistent with Schladow’s (1992) findings.
The relationship (1) implies that the intrusion height, [, is given by

I = H/{integer{0.22(N*/Qy g)t H + 11} ~ 4.55(Qr g/N®)L. (3)

If we note that, from simple plume analysis (Fischer et al. 1979), the velocity scale,
u of the inner plume near the base is O(@Qgg/ 1)}, then (3) implies that the intrusion
distance is fixed by the Ozmidov (1965) length which is determined by the

relationship:
IN/u=1. (4)

This result is identical to that found by Ivey & Corcos (1982) and Browand,
Guyomar & Yoon (1987) for the case of boundary mixing.

Thus, by using the parameters My and Py, the effect on the buoyancy of the
compressibility is mostly captured by these numbers and the additional parameter,
Hy, may be expected to enter as a scale effect.



46 T. Asaeda and J. Imberger

ST T T T T T T T T T
4__ [ ] .j
s _
n ]
2-— &y .
e asem-» -
% I O A (O A N NS B
0 2 4 6 8 10 12 14

Figure 5. The number of intrusions as a function of Pi. The solid line shows the relationship given

by 7 = 0.22P%. The hollow triangles are Maruyama reservoir experiments (Matsunashi & Miyanaga
1988).

5. The surface flow

As the inner plume impinged onto the free surface it was turned and spread
radially, flowing along the free surface as a negatively buoyant jet until it plunged
at a radial distance R (Asaeda et al. 1990). An upper bound to B may be obtained with
the following argument.

If the intrusions are arranged so that there are an integral number of these over
the depth H then the discharge, ¢, of fluid in the inner plume near the surface is such
that

g~ (Qug/hPR? = (Qu9)t 1, (5)

where & is the intrusion depth near the surface given by (Q,g/N®) and the buoyancy
flux near the surface is Q,g.

The gravitational anomaly between the inner plume water and the ambient water,
g, is
g ~ N?h, (6)

so that the fall velocity, », of the outer plume water will scale such that

v ~ N2hr, (7)
where 7 is the time of travel.
Since the water is spreading radially,

T~ R /q. (8)

If it is now assumed that the plume plunges when v equals the radial velocity (¢/Rh),
then the critical distance becomes

R ~ (Qyg/N*). (9)

Using (Q, 9/N?)t as the non-dimensionalized scale for R yields a data plot as shown
in figure 6; the coefficient of the proportionality is thus between 0.7 and 1.5 and the
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Fiqure 6. The spreading distance along the surface. @, ceramic bubble-maker experiments; O,
nozzle bubbler experiments; A, Maruyama reservoir experiments (Matsunashi & Miyanaga 1988,

1990).
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Freure 7. The entrainment at the plunge point. @, ceramic bubble-maker experiments, Hy ~
0.055; O, Hy ~ 0.038; A, field experiments in the Maruyama reservoir (Matsunashi & Miyanaga
1988, 1990).

scaling holds for all experiments, not just the ones with an integral number of
intrusions. In the limit N tends to zero (a homogeneous water body ; Fannelop et al.
1991), R is bounded by approximately six times the depth of the water body.

At the plunge point, the falling water mass entrained ambient water which
reduced the density anomaly (Asaeda, Nakai & Tamai 1989; Zic & Stefan 1990, p.
128). This had a strong influence on the downdraught flow. The total entrainment
between the surface and the highest intrusion, ¢,, is shown in figure 7 non-
dimensionalized by the inner plume flow ¢ ~ ((Q,9)®/N®)}i. The quantity @, was
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obtained by noting the rate of change of the isopycnal heights from two distribution
measurements and dye photographs. From figure 7, it follows that

Q. = 0.1((Q, 9)°/N°), (10)

implying that the rate of entrainment scales with the volume flux of the inner plume.

6. Analysis
6.1. The model equations

The observations described above lead to a ‘partial double-plume model’ structure
in which upward momentum is confined to an inner plume, while the detrained water
forms the outer downward-moving annular plume (see figure 8). This model is
different to the one proposed by McDougall (1978) who postulated that the bubble
core and the surrounding rising liquid form two distinct flow regions; by contrast,
these two flows form the inner plume in the present model; he did not allow for a
downdraught. The annular downdraught is assumed to fall down to the neutral
buoyancy level, then spread out horizontally as an intrusion. The inner plume only
entrains the ambient water below the level of the intrusion. Above this level, there
is exchange between the rising inner plume and the falling outer plume. In order to
describe the motion of the partial double-plume structure, it was necessary to make
some assumptions about the rate of the interaction between the outer and inner
plumes. The usual entrainment assumption must be generalized. Following Morton
(1962), it is assumed that the supply of energy to the turbulence in the inner plume
arises from the difference in velocities between the inner and the outer plumes,
whereas the turbulence in the outer plume is the result of the outer shear layer
dynamics. Thus, we may expect the entrainment velocity of outer plume fluid into
the inner plume to be proportional to the velocity difference between the inner and
the outer plumes, but the rate of entrainment of the inner plume into the outer plume
to depend only on the outer plume velocity.

Assuming a top-hat velocity and buoyancy profile, a constant horizontal pressure
surface and negligible turbulent transport lead to integral equations for the inner
core as follows:

d(a*u)/dz = 2af(u—v)+ 2ayv, (11)
d(a?*u?)/dz = alg’ + 2afv(u—v) + 2ayuv, (12)
d(a*ug’)/dz = (a*ug/p) (dp,/d2) —2af(u—v)g" +2ayvf+d(a’guF)/dz; (13

and for the outer plume:

~—

d((6*—a?)v)/dz = —2af(u—v) — 2ayv— 2bav, (14)
d((B®—a?) v?)/dz = — (b2 —a?) ¢" — 2afv(u—v) — 2ayuv, (15)
d((6*—a*) vg")/dz = —[(b*—a®) vg/P] (dp,/dz) — 2af(u—v) ¢’ +2ayv§,  (16)

where a and b are the inner and outer plume radii, » and v are the inner and outer
plume velocities, g' = g(p,—p;)/P, 9" = g9(po—P.)/ P, G =9 —gF, where subscript i
denotes the inner plume, subscript o the outer plume, and subseript a the ambient
environment, and F is the total fraction occupied by gas, p is the reference density,
«, B, y are the entrainment coefficients from the environment to the outer plume,
from the outer to the inner plume, and from the inner to the outer plume respectively
and z is the vertical upward coordinate.
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Q. R

Bubble core
Inner plume
u

Outer plume

Ficurk 8. Diagram of the double-plume model.

These equations may be non-dimensionalized by
a=2aHA, b=2HB, u=uM,U, v=u MLV,
g = MLG/H, ¢ =uMiG'/H, S =B*—A% »=Hzx,
B=B/a, T'=yja, G=G=1/[(1—cHy) (U+Mg)4%,

where the z coordinate has been non-dimensionalized with respect to H, and A is the
bubble core radius.

Normally, A depends not only on the liquid flow pattern but also on the bubble
characteristics. The value used was the smaller of the calculated 4 (= 4X) and
the one for a homogeneous liquid (4 = 0.1(z+0.05) K3/a). Here A is the ratio of
the bubble core radius to the inner plume radius (= 1.2[W/(71+ W)]), where
W = [p(Q4g°%/ct (Rowe et al. 1989) ¢ is the surface tension coefficient, and
K = tanh[(9Q,/H,)*/us] (Kobus 1973, p. 168). The calculated inner plume radius
agreed well with the results of McDougall’s (1978) analysis. Then,

d(AU)/de = BA(U~V)+ T4V, (17)
A(A20%)/dx = A*G' +BAV(U—V)+TAUV, (18)

daoey |, , d [ AU ]
S e AUCy—BAC(U—V)+TAV g+ |, (19
dz u—fAU=D) & 7o ety vt

A(S*V)/de = —BA(U—~V)— AV —BV, (20)
A(S2V?)/dx = —S*G” — BAV(U—V)—TAUV, @1)
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F1URE 9. Intrusion positions within H. Vertical lines show the region where intrusions form ; ——,

ceramic bubbler experiments (0.09 <M < 0.31), and Hy ~ 0.055; ————, ceramic bubbler
experiments, and Hy ~ 0.038; —.—.—, nozzle bubbler experiments (0.01 <M, < 0.11), and H; ~
0.055; @, experimental results for intrusion positions. Oblique curves are calculated intrusion
positions: , My =02, H; =0.055; ———, My =02, H, =0.038; —.—— M,;=0.02, H, =
0.055.

and A(SVG") /A = SV 0y —BAG"(U—V)+TAVE, (22)

where Oy = (4n)§a§Pi.

Equations (17)—-(22) were solved iteratively using a Runge-Kutta procedure. First,
the inner plume equations were solved with the starting conditions detailed in §6.2
below. The integrations were carried out to the point where the upward momentum
was zero. The outer plume was then integrated downwards from the inner-plume exit
point to the level of neutral buoyancy. During this downward integration, the values
used for 4, U, and @ at each level were those derived by the previous integration up
the inner plume. This process was repeated until the solution had converged; the
criterion of the convergence was defined such that the difference in the buoyancy flux
of the inner plume became less than 1% from the former integration.

For cases where the inner-plume exit point was below the water surface, the
procedure was repeated until the free surface was reached. At the free surface, the
rising flow was used to feed a spreading radial plume with the entrainment (10) added
to the flow before it was routed downwards with an initial radius given by (9). The
coefficient, I', was given a pure plume value and £ was adjusted to a value of 0.5
which gave the best comparison with the experimental data; a pure jet entrainment
would yield a value of 0.4 (Fischer et al. 1979).

6.2. Starting conditions

Close to the bubble source no outer plume exists so that the single-plume analysis of
McDougall (1978) was used to initiate the integration, and the simple perturbation
analysis was used to find a series solution to (17), (18), (20) and (21):

A = 2[0.6+0.017 19 5 28— 0.002527TM 5 af + 2(— 0.04609 4+ 0.00003 LM ) + ...,
(23)
U = 2741.609—0.3195M 5} 2%+ 0.066 93M 5 of + 2(0.4536 — 0.0106M7) +...]. (24)

The initial value of buoyancy flux A2UG" can be obtained as
AUQ = — Oy AUz + AU/ [A2(1 —xHy) (U+ M D). (25)

The assumption that the inner plume corresponds to the upward momentum core
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makes it impossible to differentiate between the height where the velocity of the
surrounding rising liquid becomes zero and the height where the total average of the
inner plume velocity becomes zero. However, as these heights are close together
(McDougall 1978), we assumed that they were the same.

The starting conditions of the outer downward plume were determined as follows.
First, the volume flux condition was assumed to be given by

SV = —A?U. (26)
Then, from (21), the initial momentum flux is given by
StV? = 82G"(F—x) forsmall (F—uwx), (27)

where & is the starting level of the outer plume.
From (19) and (22), the buoyancy flux condition was obtained as follows:

SWQ" = AVG —UA* /(1 —=Hy) (U+M ) A% (28)

The next inner plume starts with the radius which is assumed as the bubble core
radius in homogeneous water (see §6.1). At the small starting value of x—Z, the
stratification of the environment had a negligible effect so that the buoyancy of the
inner plume was entirely due to the bubbles (G = 0). Therefore, from (18)

U = (x—5)/[(1—aHg) (U+ M) A% for 4> (x—3). (29)
The starting buoyancy flux is given by (25).

7. Position of intrusions

Figure 9 shows the levels and the vertical extent of the intrusions from the
experiments and the intrusion levels as predicted by the model. These results show
that, with increasing Hy, more intrusions form, and the level of the lowest intrusion
is lowered.

With increasing Py or decreasing My, and constant Hy, again more intrusions form
and the lowest intrusion level decreases and the highest intrusion is higher. This may
be explained by noting that with decreasing gas flow rate, relatively to the
stratification, positive momentum decreases faster and detrainment occurs earlier.
The model also predicted that the intrusion spacing becomes slightly smaller with
increasing height. This is because the inner plume size increases gradually with
height, which increases the negative buoyancy force per unit height, slowing the
plume more rapidly; heavier water is detrained earlier and forms a larger number of
intrusions. This means that (3) must be interpreted as an average intrusion height.

The intrusion thickness also scales with (Qgzg/N®) (see Lemckert & Imberger
1992b) and from the present observations the thickness occupied only about 15 % of
the intrusion spacing for type 2 flows. The one-dimensional model may thus be
expected to yield an adequate representation of the plume behaviour.

8. Energy conversion

The most important factor to be considered in the design of a bubble plume scheme
for the destratification of a reservoir is how much of the energy supplied by the
bubbles is converted to potential energy of the density distribution. If AE is the
change of potential energy in time Af, then an efficiency, 7, may be defined by

7 =AE/[pQy,gH,In(1+H/H,) At], (30)
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Freure 10. Efficiency as a function of P,. Symbols are experimental results (table 1): @, 0.09 <
M, < 0.23 (ceramic bubbler), H, ~ 0.055; O, 0.17 <My < 0.3, Hy ~ 0.038; H, 0.006 <M < 0.11
(nozzle bubbler), Hy ~ 0.055. Curves are the calculated results: My=02 H, =0.055;,-.——,

M, =002 Hy =0.055;, ———, M;; = 0.2, Hy = 0.38.
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Fieure 11. The ratio of the inner-plume and outer-plume interaction flow to the intrusion
discharge. Hy = 0.055: —.—., the entrained flow divided by the intrusion discharge; ———--, the
detrained flow divided by the intrusion discharge; ——, the difference between the entrained and

the detrained flow divided by the intrusion discharge.

since pQ,g9H,In(1+H/H,) is the work required to isothermally compress air from
atmospheric pressure to a pressure at depth H at a rate of @,.

Figure 10 shows the efficiency as a function of Py immediately after turning on the
bubbler. The efficiency generally decreased with time, but increased rapidly with Py
as the flow changed from type 1 to type 2, and decreased gradually from type 2 to
type 3. In general, the calculated results agree well with the experimental results.
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Ficure 12. The variation of the plume efficiency, 7, as a function of P for different values of
My for Hy, = 0.5. Results in figures 12, 13 and 14 are all from the numerical model.

The small efficiencies at small values of Py are due to an over supply of energy into
a weak stratification; most of the energy is dissipated in turbulence. As Py
approaches a value of around 500, the fluid travel time approximately equals N?
(Froude number order one) and the efficiency peaks; this is well documented in other
papers (see Imberger & Ivey 1993). Since the entrainment at the surface is higher
with smaller Py, the efficiency again decreases as Py is increased. In addition, with
increasing Py, most of the water detrained at the higher level is re-entrained at the
lower level, again decreasing the efficiency. This mechanism is shown in figure 11,
where the calculated ratio of the amount of fluid recirculating between the outer and
inner plumes is shown; the minimum corresponds to the point where the efficiency
is highest. With decreasing My, this ratio increases, indicating the increase in the
recirculating flow and the decrease in the intrusion discharge.

The numerical model was used to investigate the variation of the efficiency over
a wide range of values of Py and My ; for Hy = 0.5 this is shown in figure 12. From
these results it is clearly seen that the peak efficiency is a strong function of My and
attains values considerably higher than those generally assumed in bubble plume
designs (Davis 1980). The local peaks arise whenever the plume has an integral
number of intrusions for the particular depth. The sawtooth nature of the efficiency
curves was previously noticed by Schladow (1992) who used a single-core numerical
model.

The value of Py at maximum efficiency, P¥, for different values of M; and Hy is
shown in figure 13 by dashed lines. The solid lines are introduced as a design aid and
are discussed below. The variation is almost linear on this log-log plot and is closely

approximated by
P;‘, = 10Q[0-1610g,, My +(2.5+1.4HR+0.65HR)] (31)

The dependence of the maximum efficiency on My and Hy, is now well defined and
is shown in figure 14; the maximum efficiency increases with increasing Hy and M.
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Ficure 13. P, the values of Py which correspond to the maximum efficiency, as a function of M,
and different values of Hy, (dashed lines). For M < 2 X 107! the maximum efficiency was not well
defined. The definitions of the variables are given in the text, but since this diagram is the key
figure for design purposes we define them again here: Hy = H/H.; @y = Q,/Qy; Py = N*H*/(Q% 9);
MY = Qtg/(4na®Hul); @, = N°H/g; Qy = (4ma*Hu?)/g. The solid lines show lines of constant @y.
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values of My less than about 2 x 107!, the maximum efficiency was not well defined.
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9. Discussion

The design of a destratification bubble plume system is thus particularly simple.
From a knowledge of the reservoir depth, H, we can calculate Hy (= H/Hy). The
bubble size determines the bubble slip velocity «,, and for a 1.5 mm diameter air hole
(now relatively standard) a reasonable value for %, is 0.3 m s™* (Kobus 1973, p. 168;
Goosens & Van Pagee 1977; Milgram 1983). With these values it is now possible to
find the appropriate value of the bottom gas flow rate, Q¥, that satisfies the
relationships given in figure 13; i.e. that @§ which yields a flow with maximum
efficiency.

This is most easily done by introducing two additional flow rates:

Qy = dna®Hul/g (32)
and Q, = NH'/qg, (33)
so that MY =Q%/Qu (34)
and Pt =Q,/Q% (35)
Eliminating ¢¥ from (34) and (35) leads to the relationship

M = Q,/(QuPR), (36)

and substituting this into (31) yields the required relationship:
P% = 101016108, (Qp/ Q@) +(2.1+1.2Hp—0.55 HR) (37)

A graphical procedure to arrive at a solution of (37) is given in figure 13. Once
Hy and Qg (= @,/@y) are known, the P§ may be obtained from figure 13. The
corresponding flow rate, per diffuser port, is then given by

QFf = H'N*/(PY g). (38)

It is noteworthy, by comparison with (3), that this corresponds to a flow pattern in
which the first intrusion is well established and the second is just beginning to form.

Now if it is desired to destratify the reservoir in a period, 7', then the number, m,
of ports required will be given by

m=8Q/(TQy), (39)

where €2 is the volume of the reservoir and ¢ is the total volume flux of a single
plume structure. From the present data set it was not possible to evaluate ¢; as the
tank was too small. However, recently Lemckert & Imberger (1992¢a), using field
data, have determined that

Q: = 0.74(Q5 g)t/ NtMY. (40)

The flow rate ¢;, given by (40), was tested by these authors against a wide range
of conditions.

The spacing of the ports should be at least 24 times the radius (9) and the
compressor power requirement without head losses, P, also follows immediately from
the value of @¥ and is given by

P =mpQgHyln(1+H/H,), (41)

where p = density of water.
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10. Conclusions

The structure of bubble plumes in a linear stratification was investigated. Bubble
plumes detrain fluid outwards; the detrained water forms various types of intrusions,
depending on the relation between the intensity of the stratification and the gas flow
rate. The height between intrusions and the plunge point radius were shown to scale
with the Ozmidov length and the plunge point entrainment scaled with the inner
volume flux. The efficiency of energy conversion was shown to reach a maximum at
a particular value of Py dependent on the value of My and Hy.

In general it was shown that the bubble plume behaviour was captured by the
values of the parameters My, Py and Hy; this realization allowed the formulation of
a simple design procedure for bubble plume destratification systems.
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